COMPLEX NUMBERS

1. Definition of complex numbers
Complex conjugate
Magnitude

Operations
Addition,
Multiplication,
Reciprocal number

2. Representation of complex numbers in polar
form

The Euler’s representation z=a + ib = Age'®

3. Solving differential equations using complex
variable
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In short,

e Anytime we write Ae 10
we actually mean Acos(@) +j A Sin(@)

o Ae'lis simply easier to manipulate

Solving differential equations using complex variables
e Consider the following equation, where all the quantities are
real numbers,

d’x dx
m?+b7+kx—FOCOS((DlL) (1)

This is the Eg. that governs the dynamic response of an
oscillator under the influence of a harmonic external force

F, Cos(wt) .
We are looking for a solution x = x(¢)
e \We can always consider a parallel Eq.

2
m d 3/ +b il + ky = F Sin(wt)
dt d

Notice the force is now £,Sin(wt)

(Different force, different solution; hence the use of y instead
of x.)

Judiciously, and since the Eq. is linear, we multiply the Eq. by
the complex number j; thus



djy Ay
m 2 +b y + kjy = F), jSin(wt) 2)

Adding (1) and (2)

2 . .
md[x+ﬂd+bdh+1ﬂ

+k[x + jy] = F,[Cos(wt) + jSin(mt)]

dt®
By defining
z=x+jy (3)

The above Eq. takes the form

d’z dz _ jot

Compare Eq. (4) with Eq. (1)
Thus, if we manage to solve Eq (4) using complex variable
(that is, we find z), then the Real solution x that we were

looking for would be given by taking the real part pf the
complex solution z

x= Real (2) (5)

Indeed, the above method can be solve for the following case:

d’x dx
me?—quOCOS((Dt)—mYE—kX (6)

Following the procedure above, the complex variable version
becomes,



If we manage to solve this Eq, that is, we find z=z(t), then the real
part of that solution will be the solution of Eg. (6).

Since the external force is harmonic, we anticipate (we
guess) the solution will be also harmonic. Thus, let's
propose:

z= [Zoejgp]eja)t =z, ej(a)t+(0)

(notice the Euler’s form in this expression)

@ _ ixoejmt = x, joe’
dt d
Pr_din_

J? _37_ ... etc





